It is well-known that Positive Mass Theorem has a fundamental importance in Einstein's general relativity. The positive mass theorem for 5-dimensional Lorentzian manifolds is therefore interesting in the context of Kaluza-Klein theory which provides a 5-dimensional general relativity containing both Einstein's 4-dimensional theorey of gravity and Maxwell's theory of electromagnetism. This idea of Kaluza-Klein was enthusiastically received by uni ed-eld theorists and was extended to higher dimensions to include the strong and weak forces (i.e., 11-dimensional supergravity theories and 10-dimensional superstrings). We refer to review article OW] for higher-dimensional uni ed theories from the general relativity side. Mathematically, the existence of Spin c structures on orientable 4-manifolds provides a uni ed treatment on gravity and electromagnetism. In this paper we adapt Witten's method and the analytic arguments of Parker and Taubes to such a Spin c structure. This yields a Positive Mass Theorem (Theorem 1.2 below) for hypersurfaces in 5-dimensional Lorentzian manifolds.
Let N be a 5-dimensional Lorentzian manifold with Lorentzian metric e g of signature (?1; 1; 1; 1; 1), which satis es the Einstein equations e R ? e R 2 e g = T ;
(1.1) where e R , e R are the Ricci and scalar curvatures of e g respectively, T is a symmetric tensor eld which is interpreted physically as the energy-momentum tensor of matter. We will often identify the end M l M with the corresponding set M l R 4 .
The curvature F A = dA of such a connection on L may be interpreted physically as the electromagnetic eld. For spacelike asymptotically at hypersurface M and asymptotically at line bundle L, we can de ne the total energy, the total linear momentum and the total electromagnetic momentum. They are de ned in each asymtotic end M l as limits over the sphere S R;l of radius R in M l R 4 .
De nition 1. where C 4 = 12! 3 and ! 3 is the volume of unit sphere S 3 with standard metric. If E l 0 = 0 for some l 0 , then M has only one end and N is at over M.
One key point in Witten's argument is to prove that there is a positive de nite Hermitian metric on Spin(3; 1) spinors. This fact was veri ed by T. Parker and C. Taubes PT] in terms of representation theory of spin group SL(2; C), and was extended to Spin(4; 1) spinors by the author in terms of representation theorey of spin group HU(1; 1). Consequently, Positive Mass Conjecture can be proved for spin spacelike hypersurface in 5-dimensional Lorentzian manifolds Z1]. It should be true for all spin group Spin(n; 1), an issue we will address elsewhere. We also prove an analogous theorem for 4-dimensional Lorentzian manifolds in the appendix. Namely, 4 Theorem 1.3 Let N be a 4-dimensional Lorentzian manifold with Lorentzian metricg of signature (?1; 1; 1; 1), which satis es the Einstein equations (1.1), M N be a spacelike asymptotically at hypersurface of order > 1 2 . Let L be the Spin c (3; 1) structure of N with U (1) (1.3). Hence the right hand side of the above integral vanishes in the limit as r ! 1. Therefore f r A = 0 on M. Hence = 0 by Lemma 3.1 (i), and the proof of the lemma is complete. We next simplify these terms algebraically. This immediately implies that, over M, e R ij = 0, F Aij = 0. Therefore T 00 = 0 by the Einstein equations, and e R 0i0j = 0, F A0i = 0 by the charged dominant energy condition. Thus the proof of Theorem 1.2 is complete. 
